The present paper generalises the results of Ray [15] and Buchstaber-Ray [1], Buchstaber-PanovRay [3] in unitary cobordism theory. I prove that any class x ∈ Ω * U of the unitary cobordism ring contains a quasitoric totally normally and tangentially split manifold.
Introduction
In [15] , N. Ray gave an explicit family of stably complex manifolds representing multiplicative generators of the unitary cobordism ring Ω * U , which are totally tangentially and normally split; i.e. whose stably tangential and normal bundles are split into the Whitney sum of complex line bundles. Both of these properties are respected under the connected sum operation. He also obtained the stably complex manifolds with the above properties representing the additively inverse elements to Ω * U . This led to the following. U of degree greater than 2 there exists a representative which is totally tangentially and normally split.
In [1] , V.M. Buchstaber and N. Ray constructed toric varieties, which are polynomial generators of Ω * U . Remind that a connected complex algebraic variety X is called a toric variety if X admits an effective action of the algebraic torus (C × ) dim C X with dense open orbit (cf. [4] ). One can see that the connected sum of any two toric varieties is not toric; the corresponding obstruction is Todd genus, which takes value 1 on any toric variety and is additive. To work around this, in [3] V.M. Buchstaber, T. Panov and N. Ray introduced the box sum operation in the wider category of quasitoric manifolds (toric manifolds in sense of Davis and Januszkiewicz [5] ). Given any two quasitoric manifolds, their box sum represents the class of the respective sum in Ω * U . The "-1"-problem of finding a manifold with additively inverse cobordism class was solved by taking the same smooth manifold with another stably complex structure (namely, the one given by the minus omniorientation matrix). Quasitoric manifolds have the property of being totally tangentially split. This led to another result.
Theorem 1.2 ([3]).
For any element of the unitary cobordism ring Ω * U of degree greater than 2 there exists a representative which is a quasitoric totally tangentially split manifold.
Here a natural generalisation of the above theorems is given. Theorem 1.3. For any element of the unitary cobordism ring Ω * U of degree greater than 2 there exists a representative which is a quasitoric totally tangentially and normally split manifold.
The manifolds discussed above are shown in Section 3 to be not totally normally split, in general. So, to prove Theorem 1.3, some methods are developed.
First, a globalisation of bounded flag manifold is given in Section 2; the necessary data are a complex manifold and an ordered tuple of complex line bundles over the latter. A formula for the Milnor number of the corresponding stably complex manifold is given. * The work was done at the Steklov Institute of Mathematics RAS and supported by the Russian Science Foundation, grant 14-11-00414. The author is a Simons-IUM award winner and would like to thank its sponsors and jury. Moscow State University, E-mail: grigory.solomadin@gmail.com Second, a method of producing new totally normally split toric varieties is given in Section 3. Namely, this is blow-up of a totally normally split toric variety at an invariant complex codimension 2 subvariety.
These are used to construct some totally normally split toric varieties which are then shown to be multiplicative generators of Ω * U . Finally, a possible adaptation of N. Ray's construction to Theorem 1.3 is discussed in Section 7.
The author is grateful to V.M. Buchstaber and T.E. Panov for numerous fruitful discussions.
Bounded flag fibre bundles
The idea of the bounded flag manifold ( [2] , [4, §7.7] ) can be globalised in terms of fiber bundles. In this Section, the corresponding construction is given. For the rest of this Section, X stands for a compact stably complex smooth manifold of real dimension 2n and ξ i → X, rk ξ i = 1, i = 1, . . . , k + 1, are complex linear vector bundles over X. Also let ξ := k+1 i=1 ξ i . Everywhere below pull-backs and tensor products of vector bundles are omitted, unless otherwise specified.
Definition and properties
We start this Section with an inductive definition
is by definition a CP 1 -bundle over BF (ξ k , . . . , ξ 1 ). Namely, one has:
ζ k+1 is by definition the tautological line bundle over BF (ξ k+1 , . . . , ξ 1 ).
Remark 2.2. Topology and complex structure of the bounded flag bundle BF (ξ k+1 , . . . , ξ 1 ), generally speaking, depend on the order of the tuple (ξ k+1 , . . . , ξ 1 ).
The bounded flag bundle BF (ξ n+1 , . . . , ξ 1 ) has the natural complex (algebraic, toric, resp.) structure coming from the well-known complex (algebraic, toric, resp.) structure on projectivisations of complex vector bundles over complex (algebraic, toric, resp.) manifolds (non-singular varieties, resp.). (See, for example, [14] .) The natural complex structure on the bounded flag bundle BF (ξ n+1 , . . . , ξ 1 ) is given by the formula:
where C is the linear trivial vector bundle over BF (ξ k+1 , . . . , ξ 1 ) and ζ i+1 is complex conjugate to
. . , ξ 1 ) be the vector bundle s.t. the corresponding fiber at a point l ⊂ (ζ k ⊕ ξ k+1 ) b , b ∈ BF (ξ k , . . . , ξ 1 ), consists of the vectors from the line l ⊥ orthogonal to l. (ζ k ⊕ ξ k+1 is endowed with a hermitian metric as a vector bundle over a compact manifold.) Define ζ * i → BF (ξ k+1 , . . . , ξ 1 ) as the pull-back of the corresponding bundle
. . , ξ 1 ) is linear and satisfies the identity (cf. [15] ):
Hence,
where i = 1, . . . , k.
Remind that for a complex vector bundle α → X there exists a stably inverse complex vector bundle θ → X, i.e. α ⊕ θ ≃ C r , where C r is the trivial complex vector bundle of rank r over X. It is unique up to stable isomorphism. The following Lemma uses the argument similar to the one from [15] . Lemma 2.3. Let α, α ′ → X be complex linear vector bundles whose stably inverse complex vector bundles are totally split. Let f : Y → X be a continious map. Then the stably inverse complex vector bundles to α, f * α, α ⊕ α ′ , αα ′ are totally split.
Proof. The claim of the Lemma is straightforward to check for α,
, be complex totally split vector bundles such that
Taking tensor product of the above two vector bundles one obtains:
It remains to observe that αθ ′ ⊕ α ′ θ ⊕ θθ ′ is a Whitney sum of complex linear vector bundles.
Proposition 2.4. Suppose that X is totally normally split and stably inverses to ξ i → X are totally split for all i = 1, . . . , k + 1. Then BF (ξ k+1 , . . . , ξ 1 ) → X is totally normally split.
Proof. The identity (4) and the property of being totally split for ξ i 's implies that ζ i → BF (ξ k+1 , . . . , ξ 1 ) is stably normally splitting for i = 1, . . . , k+1. Now the claim follows from the formula (2) and Lemma 2.3.
Remind that s n (X) is the Milnor number of the stably complex manifold X:
where t 1 , . . . , t k are Chern roots of X and the coupling is the natural one
Proof. Let X n+i := BF (ξ i+1 , . . . , ξ 1 ), i = 0 . . . , k. One has (see [14] )
Let
I use Segre class (i.e. the multiplicatively inverse to Chern class, see [14] ) to compute the summands in the above expression:
Substituting up the identities (6), (7) into (5) one obtains the claim of the Proposition.
Bounded flag varieties
) is a bounded flag toric variety of complex dimension n. The Proposition 2.4 implies that BF n is totally normally split. There is a natural projection BF n → BF n−1 . Denote the vector bundles ζ i+1 , ζ * i+1 → BF n by β i , β * i , i = 0, . . . , n resp. The identity (3) becomes
and the identity (4) becomes
where i = 0, . . . , n (see [15] ).
Corollary 2.6. BF n is totally normally split.
Proof. Follows from Proposition 2.4.
Let e 0 , . . . , e n and (z 0 , . . . , z n ) be a basis and the corresponding coordinates in C n+1 , resp. Let
where C e i is the linear hull of the vector e i . Then BF n is identified with the set of tuples of lines (l 0 , . . . , l n ), l 0 := C 0 , lying in C n+1 and satisfying the identities
It follows that there is inclusion l i ⊂ C e 0 , . . . , e i for i = 0, . . . , n. Thus, BF n can be considered as the subvariety of n i=1 CP i given by the (algebraic) conditions (10) . Let [z i,0 : · · · : z i,i ] be the homogeneous coordinates of the i-th factor of n i=1 CP i . Then the standard linear algebra theorem implies that the conditions (10) are exactly the vanishing equations for all 2 × 2-minors of the matrices:
i.e. the restriction of the projection morphism
where η n is the tautological line bundle over CP n . One can show that f n is a composition of sequential blow-ups at the strict transforms of the projective subspaces
Remark 2.7. The above description of the bounded flag variety differs from the standard one (cf. [1] , [4, p. 292] ) which is denoted by BF ′ n . However, these varieties are isomorphic. Firstly, one has to change the basis of C n+1 to {v 1 , . . . , v n+1 }, v i = e n+1−i , i = 0, . . . , n. Then (10) becomes
for i = 0, . . . , n. Secondly, the change of the order of the lines
for i = 0, . . . , n. It remains to substitute the parameter i = j − 1 in the above to obtain the definition of BF ′ n .
Constructing generators of Ω * U
In this Section I explain why the known generators of the unitary cobordism ring Ω * U are inappropriate for the proof of Theorem 1.3. I introduce some non-singular projective toric varieties X i,j , 0 i j, of complex dimension i + j. These are bounded flag fibre bundles over BF i (hence, Bott towers). X i,j are totally normally split. However, X i,j lack the necessary properties of their respective Milnor numbers. A construction of the modification in the class of stably normally splitting toric varieties is then given. It is applied to X i,j to obtain the manifolds M i,j which are (together with BF i+j ) shown in the following Sections to be the quasigenerators of Ω U * having all the necessary properties. The pullback of the vector bundle ξ → Y under the natural projection map X × Y → Y is denoted below with a prime, ξ ′ → X × Y .
Milnor hypersurfaces
Remind that Milnor hypersurface H i,j , 0 i j, is the (1, 1)-bidegree hypersurface of CP i × CP j (of complex dimension i + j − 1) given by the equation 
Proposition 3.1. The restriction of the projection map CP i × CP j → CP i induces the fibre bundle structure
Proof A well-known construction in unitary cobordism theory is the dualization D of the complex linear vector bundle ξ → X over a complex compact manifold (see [16, p.78] , [17] ). D is a certain stably complex submanifold of X of (real) codimension 2. The normal complex linear vector bundle of the inclusion D ⊂ X coincides with the restriction of ξ to D. In topological terms, the Poincaré duality sends the first Chern class c 1 (ξ) ∈ H 2 (X; Z) to a certain (real) codimension 2 subvariety D of X representing the dual cycle [D] ∈ H 2(n−1) (X; Z). (Also this construction can be formulated in the category of algebraic varieties in terms of the cycle map P ic(X) → Cl(X).) 
Buchstaber-Ray varieties
In [1] , V.M. Buchstaber and N. Ray introduced smooth projective toric varieties BR i,j to construct multiplicative generators of the unitary cobordism ring Ω * U . (The original denotation for these manifolds from [1] is B i,j . I replace it to avoid confusion with the denotation of [15] .)
Proposition 3.6. BR i,j ⊂ BF i × CP j is a dualization of the linear vector bundle β i η ′ j .
Proof. Remind that the normal bundle of H i,j ⊂ CP i × CP j is equal to the corresponding restriction of η i η ′ j . Hence, by the identity (11) the normal bundle of BR i,j ⊂ BF i × CP j equals to the restriction of (f
Hence, BR i,j is the hypersurface in BF i × CP j given by the equation:
where [w 0 : · · · : w j ] ∈ CP j are the homogeneous coordinates on CP j and z k,l are the coordinates on BF i . There is a map (birational morphism) BR i,j → H i,j which is a restriction of (f i , Id j ) : 
The varieties BR i,j , 0 i j; i + j = n + 1, are multiplicative generators of the ring Ω * U in degree 2n.
Proof.
The varieties BR i,j as well as H i,j are spaces of projective fiber bundles. Let's specify this structure.
Lemma 3.8. For any k = 1, . . . , i one has an identity over BF i :
Proof. By the identity (11) one has f
. It remains to use formula (9).
Proposition 3.9.
Proof. Follows from Lemma 3.8, Proposition 3.1 and Definition 3.5.
Unlike Milnor hypersurfaces, the Buchstaber-Ray varieties are toric. (12) is not invariant under the usual torus action on BF i ×CP j , unless i = 0. Hence, for 1 i j, BR i,j is not an invariant divisor of BF i ×CP j . However, due to formula (9) one can identify the trivial CP j -bundle over BF i with the projectivisation:
Now endow BF i × CP j with the (C × ) n -action coming from the above fiber bundle structure. (It is equivariantly isomorphic to the previous one. This follows, for example, from the main result of [7] .) The embedding
It is important that BR i,j are not totally normally split, in general. To prove this fact, an auxiliary statement is necessary.
Lemma 3.12. ([11, Theorem 1.5] ). Let n > 1. Then CP n is not totally normally split.
Notice that CP 1 , as well as any Riemannian surface Σ g of arbitrary genus g, is totally normally split. This follows from the fact that any complex vector bundle over Σ g is topologically isomorphic to the Whitney sum of a complex linear vector bundle and a trivial one. Proposition 3.13. Let ξ → X be a complex vector bundle of complex rank k > 2 over a smooth compact stably complex manifold X. Then the fiberwise projectivisation P(ξ) → X is not totally normally split.
Proof. Assume the contrary, i.e. the sum N P(ξ) ⊕ C q is isomorphic to a sum of complex linear vector bundles for some q 0. Let x ∈ X. Denote the corresponding fiber inclusion map by ι : CP k−1 x → P(ξ). Then the pull-back ι * (N P(ξ) ⊕ C q ) splits into a sum of line bundles. By definition,
. Hence, we obtain a contradiction to Lemma 3.12. Q.E.D. In [12] , Z. Lü and T. Panov introduced another family of multiplicative generators of Ω * U . Namely, these are projective toric varieties L(i, j) :
Corollary 3.14. BR i,j is not totally normally split for j > 2. L(i, j) is not totally normally split for j > 1.
Proof.
Construction of representatives and necessary manifolds
Remind that the blow-up of a non-singular projective toric variety X at an invariant toric subvariety is again a projective toric variety. I present a particular case of equivariant blow-up which respects the property of being totally normally split. I use equivariant blow-ups of codimension 2 subvarieties of totally normally split toric varieties to find quasitoric totally normally split manifolds with "better" Milnor numbers.
Proposition 3.15. Let X be a nonsingular projective complex variety of complex dimension n. Let Z ⊂ X be a closed smooth subvariety in X of (complex) codimension 2. Suppose that X is stably normally split. Then Bl Z X is also stably normally split.
Proof. By the definition (see [9, §6.2.1]), Bl Z X is a hypersurface in X × CP 1 . Denote the corresponding inclusion morphism by ι. Let ν → Bl Z X be the normal (linear) vector bundle of this embedding. CP 1 is stably splitting, so is X × CP 1 . Hence, there exists a totally split vector bundle
Restrict this identity to Bl Z X:
Q.E.D.
Remark 3.16. Notice that the previous Proposition holds for an embedding Z ⊂ X with non-split normal vector bundle.
Remind
]).
Hence, one can consider the unitary cobordism classes of quasitoric manifolds. We need the following fact about quasitoric manifolds (see [3] , [4] ). 
.) is totally normally split, then M (M ′ , resp.) is also totally normally split.
For 1 i j consider
Notice that X 0,j = BF j . For i > 0 let Z i,j be the codimension 2 subvariety of X i,j given by the conditions on the tautological line bundles:
Proposition 3.18. For i > 0 one has:
The normal bundle of the above inclusion
Proposition 3.19. X i,j and M i,j are toric totally tangentially and normally split manifolds.
Proof. Due to the Corollary 2.6, BF i is totally normally split. The formulas (8), (9) imply that β k , β * k , k = 1, . . . , i, have totally split stably inverse vector bundles. Then by Proposition 2.4 X i,j is totally normally splitting. The Proposition 3.15 then implies that M i,j is also totally normally split. Remind that any smooth projective toric variety is always totally tangentially split (see [5, Theorem 6.6] 
. It follows from (14) and Proposition 3.20 that a 0,n = n + 1. For 0 < i j let a i,j := s i+j ([M i,j ]). That is, for 0 < i j one has:
For any 0 i j, let N i,j be a quasitoric manifold representing the unitary cobordism classes above, so that s n ([N i,j ]) = a i,j , i + j = n. (See Proposition 3.17.)
Proof of the Theorem
In this Section the proof of Theorem 1.3 is given. We use standard facts from unitary cobordism theory (for example, see [14] ). An auxiliary statement from Number Theory is needed (see [6] for the proof). The proof of the next technical Proposition is postponed until Section 6.
Proposition 4.2. Let s 2. Then for any prime p one has:
Proposition 4.3. Suppose that n = p s − 1 for s 1 and prime p. Then there exists a totally tangentially and normally split quasitoric manifold which represents a multiplicative generator in the unitary cobordism ring Ω * U in degree 2n.
Proof. If s = 1, then the desired manifold is N 0,n with Milnor number equal to n + 1 = p. Otherwise, for p = 2 we take BF n with Milnor number equal to 2 (see (14)). Now suppose s 2, p > 2. Further we use denotation n = n 0 + n 1 p + · · · + n d p d = n d , . . . , n 0p in base p. Also the number of digits of the numbers written in base p is s below, so it is omitted. Proposition 4.4. Let n be s.t. n + 1 is not a power of a prime. Then there exists a quasitoric totally tangentially and normally split manifold which represents a multiplicative generator in the unitary cobordism ring Ω * U in degree 2n.
Proof. It is enough to show that for any prime divisor q of n + 1 there exists a quasitoric totally tangentially and normally split manifold with Milnor number not divisible by q. Quasitoric manifolds N i,j from the previous Section are used. Consider the following cases. 1) n = 1, q − 1 . . . , q − 1 q . Then n + 1 = 2q s−1 is even, and q > 2 due to the assumption on n. Let
Notice that n − j < j. Using Lucas theorem one obtains a n−j,j ≡ 1
Notice that n − j = q s−1 , so n − j < j, because 1 < x s 1 . Using Lucas theorem one obtains a n−j,j ≡ ±x
where 0 < x a ; x b < q − 1; b < a; 0 < x s−1 (so q b is the highest power of q dividing n + 1). Let
where x a − 1 is in the a-th digit. Then
By Lucas Theorem k j ≡ 0 (mod q) for j < k n, and j j = 1. Hence, a n−j,j ≡ −1 (mod q).
Computation of Milnor numbers
In the following Section I compute the Milnor number of the previously defined toric varieties X i,j and their equivariant blow-ups M i,j . For this purpose, some results are used (cf. [14] for more details).
Proposition 5.1 (Hitchin [10, §4.5]). Let X and Z, with Z ⊂ X, be smooth compact complex manifolds of dimensions n and k, resp. Consider a blow-up π : Bl Z X → X along Z. Then the difference of classes of manifolds Bl Z X and X in the unitary cobordism ring is:
where ν(Z ⊂ X) is a normal bundle to Z, and the projectivisation P(ν(Z ⊂ X) ⊕ C) is equipped with the non-standard stably complex structure
where γ → P(ν(Z ⊂ X) ⊕ C) is the corresponding tautological line bundle.
Cohomology ring of BF i is easily computed using Leray-Hirsch Theorem:
One has an isomorphism of graded Z-rings:
where t 0 := 0.
The fundamental class of BF i is Poncaré dual to the element t i i = t i · · · t 1 ∈ H * (BF i ; Z). One has the identity (1 + t a )(1 − t a + t a−1 ) = 1 + t a−1 for a = 1, . . . , i in H * (BF i ; Z). Hence,
Now we compute the Milnor numbers of the varieties X i,j introduced in Section 3.3.
Proof. Use Proposition 2.5. Case of even i + j is trivial. Suppose that i + j is odd. Then
Corollary 5.4. s n (BF n ) = 1 + (−1) n+1 .
Proof. Apply the previous Proposition for i = 0.
Let Z i+j−2 = Z i,j and denote the corresponding "bases" of complex dimension k of the Bott tower Z i,j by Z k (see Subsection 3. Q.E.D.
